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Abstract 

For the linear string baryon model q-q-q the small disturbances of its rotational motion 
(quasirotational states) are investigated. The spectrum of these states is obtained in the 
form of Fourier series and the complex eigenfrequencies are found in this spectrum. So 
the classic rotational motions of the linear string baryon model are unstable (unlike the 
similar motions for the string with massive ends). This instability differs from its analog 
for the three-string baryon model. 

Introduction 

The string model of the meson is obvious from geometric point of view — this is the 
relativistic string with massive ends But for the baryon we have to choose between 
the following four string models (four types of binding three quarks by relativistic strings) 
suggested by X. Artru in Ref. 0: a) the meson-like quark-diquark model q-qq b) the 
"three-string" model or Y configuration with three strings from three quarks joined in the 
fourth massless point ; c) the "triangle" model or A-configuration with pairwise connection 
of three quarks by three relativistic strings 0; d) the linear configuration q-q-q with quarks 
connected in series 

Here the latter model is considered (in comparison with some others). It was not studied 
quantitatively before Ref. where the initial-boundary value problem for classical motion 
of this configuration were solved and the stability problem for the rotational motion of this 
system was investigated. This motion is the uniform rotation of the rectilinear string with 
the middle quark at rest at a center of rotation 1^, 0]). Numerical experiments in Ref. |^ 
showed that the rotational motions of the system q-q-q are unstable. Any small asymmetric 
disturbances grow and result in centrifugal moving away the middle material point (quark) 
and its complicated motion with quasi-periodical varying of the distance between the nearest 
two quarks. But the system q-q-q is not transformed into the quark-diquark {q-qq) one, as 
was supposed previously in Ref. 0. 

In this paper for the system q-q-q the result of the numerical experiments in Ref. [§] is 
proved analytically. For this purpose the spectrum of quasirotational states (small distur- 
bances of the rotational motion) is obtained and compared with the similar spectrum for the 
string with massive ends. 

*E-mail: german.sharov@tversu.ru 
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After the brief review the classical dynamics for the model q-q-q in Sect. 1 we consider in 
Sect. 2 the quasirotational states of the relativistic string with massive ends (the model q-q or 
q-qq) and then in Sect. 3 the similar states of the linear string baryon model q-q-q- 

1. Dynamics and rotational motions of the linear string model q-q-q 

Let's consider an open relativistic string with the tension 7 carrying three pointlike masses 
mi, m2, ma (the masses mi and are at the ends of the string). The action for this system 
isi 
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Here X^(r, a) are coordinates of a point of the string in D-dimensional Minkowski space 
with signature (+, —,—,...), the speed of light c = 1, (r, cr) G G = Gi U G2 (Fig. 1), 
(a, h) = af'b^ is the (pseudo) scalar product, Xf" = ^rX^', X'^" = d^Xf", if (r) = £X^It, or,(r)); 
(Ti(r) {i = 1, 2, 3) are inner coordinates of world lines for quarksQ shown in Fig. 1. If m2 = 
the action (|lD will describe the relativistic string with massive ends 
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Figure 1: Domain of integration in Eq. (1). 



The equations of motion of the q-q-q string and the boundary conditions are derived from 
the action (|l]) They take the simplest form if with the help of nondegenerate reparametriza- 
tion r = r(f,(T), a = a{f,a) the induced metric on the world surface of the string is made 
continuous and conformally-flat f^, i.e., satisfies the orthonormality conditions 



X^ + X 



/2 



0, 



(X,X') 



0. 



Under conditions (^ the equations of motion become linear 

X^ - X"'^ = 



and the boundary conditions take the simplest form 

d 



m.-UtiT) + ea[X'^ + a:iT)X^\ 



0, 
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m2—U^{T)-^[X"^ + a',{r)X^] 



a=(Ti(T) 

+ ^{X'^ + a',{r)Xn 
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(4) 
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CT=cr2(T)+0 

^We use the term "quark" for brevity, here and below quarks, antiquarks and diquarks are material points 
on the classic level. 
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Here ei = —1, 63 = 1 and 
Utir) 

are the unit i?^'^^^-velocity vector of i-th quark. 

Derivatives of X'^(r, a) can have discontinuities on the hne a = o"2('7")- However, the 
function X^(r, a) and the tangential derivatives ^X^(r, (T2(r)) are continuous. In Ref. we 
showed that without loss of generality one can choose the coordinates r, a satisfying both the 
orthonormality conditions and the following restrictions for the endpoints' inner equations: 

ai(r) = 0, a3(r) = 7r =^ ae[0,n]. (7) 

But we can't fix the remaining function a = o'2{t) for the middle quark in general if the 
conditions (|]) and (|^) are satisfied. 

However, the rotational motion of this configuration (uniform rotation of the rectilinear 
string segment with the middle quark at the rotational center) is the well known exact solution 
of equations satisfying all conditions (Q), (^-(0). This solution may be presented in the 
form 

X^ = X,^„i(r,(T) =^]-^[^re^ + cos(^^T + 0l)■e^(r)], ae[0,n], (8) 

Here Q is the angular velocity, eg is the unit time-like velocity vector of cm. in Minkowski 
space, e'^(r) = cos 9t + 62 sin 9t is the unit (e^ = —1) space-like rotating vector directed 
along the string. The parameters 6 (dimensionless frequency) and (pi are connected with the 
constant speeds Vi of the ends 

fi = cos0i, = — cos(7r6' + 0i), niifl/'j = v'-^ — Vi, i = 1,3. (9) 

The central massive point of the q-q-q system is at rest (in the corresponding frame of reference) 
at the rotational center. Its inner coordinate is 

(T2(r) = (T™* = (7r/2 - (f)i)/e = const. (10) 

In the following two chapters we'll study small disturbances of the rotational motion (^ 
(quasirotational states). But before the analysis of the complicated linear string baryon model 
q-q-q in Sect. 3 we'll consider in the following section the more simple system — the relativistic 
string with massive ends q-q. 

2. Quasirotational motions of the string with massive ends 

The quasirotational states of various string hadron models 0, || are interesting due to the 
following reasons: (a) we are to search the motions describing the hadron states, which are 
usually interpreted as higher radially excited states and other states in the potential models, 
in other words, we are to describe the daughter Regge trajectories; (b) the quasirotational 
states are the basis for quantization of these nonlinear problems in the linear vicinity of the 
solutions (H), (if they are stable); (c) the quasirotational motions are necessary for solving the 
important problem of stability of rotational states for all string hadron models. 

For the meson string model the quasirotational motions of slightly curved string with 
massive ends were studied in Refs. . But these authors used very narrow ansatz for searching 
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these disturbances and the comphcated nonhnear form of the string motion equations beyond 
the conditions (0). Besides they neglected some important dependencies and the boundary 
conditions (H) so these solutions in Refs. were not correct (details are in Ref. [§). 

In Ref. another approach for obtaining the quasirotational solutions was suggested. It 
includes the orthonormality conditions (§) and, hence, the linear equations of motion (^ with 
their general solution 

1 



(11) 



So the problem is reduced to the system of ordinary differential equations resulting from the 



boundary conditions 
of the endpoints t/f ( 
the relations |TD| 



). The unknown function may be \E'+(r), "^t 
or U2{t) of the string with massive ends 



(r), or unit velocity vectors 
— this is equivalent due to 



± a,) = ma-y-Ui\r)Ut{r) T (-1)^^/^ (r)]. 



:i2) 



The expression (§) describes the rotational motion not only for the baryon q-q-q model but 
also for the relativistic string with massive ends (where (T2 = vr and V3 in Eq. (^ should be 
substituted by ^2). In Ref. the boundary conditions (§) for this model with one infinitely 
heavy (fixed) end with 1712 ^ 00 on the basis of relations (|11|), (|12|) were reduced to the 
ordinary differential equation with respect to the vector function f/f (r). 

For the case with two non-zero finite masses (0 < mj < cxo) the generalization of this 
equation resulting from Eqs. (§), ([l^) takes the form 
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where 6t 



This system of ordinary differential equations with shifted argu- 



II, /i = z/, 
1 0, fi^u. 

ments exhaustively describes the classic dynamics of the string with massive ends. 

If the vector-function Ui{t) (or U2{t)) is given in the segment I = [tq, Tq + 27i] (the values 
■j/rrii, U2{tq + vr) are also given) one can determine the functions U^{t) for r > Tq from the 
system (plSf) . Then we may obtain the world surface X'^(r, a) with the help of the relations 
(|T^) and ([TT|). So we may conclude that the function f/f (t) or Ul^ir) given in the segment / 
contains all information about this motion of the system 0. 

For the rotational motion (^ the velocities Uj^ of the moving quark satisfying Eqs. (|T3|) 
may be written in the form 



^2{rot) 



Here the unit space-like rotating vectors and 
Ci cos 6t 



V2e^{r) 



r, 



'1 



-1/2 



62 sin 6t, 



-Ci sin 9r + 62 cos 9t 



'(14) 



(15) 



r), 63 will be 



consist the moving basis in the rotational plane. The four vectors eg, e'^(r 
used below as the orthonormal tetrade in the Minkowski space R^'^. 

To study the small disturbances of the rotational motion (||) we consider arbitrary small 
disturbances of this motion or of the vector ([13) in the form 
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Mi 



< 1. 
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For the exhaustive description of this quasirotational state the disturbance (t) may be given 
in the initial segment / = [tq,tq + 27r] . It is small so we neglect in the linear approximation 
the second order terms. The equality Ufir) = 1 for both vectors f/f and f/^^o^) leads in the 
linear approximation to the condition 

Utirot)ir)uUr) = 0. (17) 

When we substitute the expressions (|16D into the system (|13D and omit the second order 
terms we obtain the linearized system of equations describing the evolution of small arbitrary 
disturbances . Considering projections of these two vector equations onto the basic vectors 
Co, e, e, 63, we obtain the following system of equations with respect to projections of : 

U'wir) + QiUio{t) - TiQiUie{r) = MqKo - Q2U2O + T2Q2U2e], 
U'lei^) + QlMle(r) + eV^\io{r) = Mf 1[ - - QiU2e + N*u'2o + N2U20], 
U20 + Q2U2O + ^2Q2U2e = Mq^[u[q{-) - QlUio{-) - TiQiUie{-)], 
U'2e + Q2U2e " ^^2^'^^20 = Mi [ - - Q2^^1e(-) + N*u[^{-) + N,U,o{-)], 

u'lzi'^) + QiUiz{r) = (m2/mi)[ - + Q2U2z], 
U2, + Q2U2Z = irni/m2)[- u[^{-) + QiUizi-)]. 



:i8) 



Here Qi = TiOvi = const, (— ) = (r — 27r), the functions 

Uioir) = {eo,Ui), Uieir) = {e,Ui), ^^^(r) = (es, Wj) (19) 

are the projections of the vectors "uf (t) onto the mentioned basis. The projections of onto 
e'^ may be expressed through Uio- {e,Ui) = (— l)*f~^Mio due to the equality (|1^. Arguments 
(r — tt) of the functions U20, M2e, U2z are omitted. The constants in Eqs. ( |18|) are 

Mo = m2Qi/imiQ2), Mi = rriiTi/ {m2T2), 
N* = -{-iy{l + Qs-^/Qi)/Ti, Ni = {-iy{Q3-i + QiKi)/Ti, = 1 + t;-^ 



We shall search solutions of the linearized system (|TB|) in the form 

< = Afe"'"". (20) 



For the last two equations (p!8| ) (they form the closed subsystem) solutions in the form (pO]) 
exist only if the dimensionless frequency u satisfies the transcendental equation 

(^^-QiQ2 . 
[Qi + ^2)^; 

but for the subsystem of the first 4 equations (0) the corresponding frequencies uj = uj are 
roots of another equation 

{u' - QIki){u' - QIK2) - AQ,Q2^' . . .... 

— cot TXUO^ [ZZ ) 



One can numerate the roots uj = ujn of Eq. (|2l|) and a) = tD„ for Eq. (|2^) in order of increasing 
so that Uq = ojq = 0, n — 1 < uJn-.'^n < "^^ for n > 1. The system of functions exp(— itUnr) 
or exp(— ztu^r), = 0, ±1, ±2, ... is the full system in the class C(/) [|, |10| so an arbitrary 
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continuous functions u{t) in this segment with the length 27i may be expanded in the Fourier 
series 



+00 



u 



j) = H M„exp(-iu;„r), r G / = [tq, Tq + 27r]. 



(23) 



Using this expansion for the disturbance (0) of the velocity vectors ( [T^ ) we obtain with 
the help of Eqs. ([TT|), (|T2|) the following expression for an arbitrary quasirotational motion of 



the string with massive ends |11 



X''(r, a) = Xi!^t{T, a)+ {e^a„ cos(t^„cr + 0„) exp(-iu;„r) 

ra=— 00 

+ /?„[e^/o(a) +e:[(r)/^(a) +«e^(r)/,(a)]exp(-zcu„r)}. 



(24) 



Each term in Eq. ( p^ describes the string oscillation that looks like the stationary wave with 
n nodes. There are two types of these stationary waves: (a) orthogonal oscillations along z 
or ea-axis at the frequencies proportional to the roots Un of equation]^ ([2T|), and (b) planar 
oscillations (in the rotational plane 61,62) at the dimensionless frequencies tD„ satisfying the 
equation (E^) with the following expressions for /o, f±, fr- 
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(25) 
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^^1 



Cg{(T) = COS 6*0", ^^(cr) = sin 6'cr, 



02- 

Cui{<j) = COS LJnC, S^{a) = sina)„(T. 

The frequencies Un and a)„ from Eqs. (pT]) and (^2]) are real numbers so the rotations (P) 
of the string with massive ends are stable in the linear approximation. One may consider the 
expansion ( ^4]) for an arbitrary quasirotational motion as the basis for further quantization of 
this system in the linear vicinity of the solution (]^). 

3. Quasirotational motions of the linear string model q-q-q 

The stability problem for the rotational motion (|^) of the linear system q-q-q was studied 
numerically in Ref. [Q. Now we present the analytical investigation of this problem based upon 
the method developed in the previous section for the string with massive ends. In particular, 
we may express the world surface of the linear q-q-q configuration through the unit velocity 
vectors (|^) Ui{t) and Ut^{T) of the massive end using the generalized formula ([I^ ) 



^r±(r±a2) 



mi7 



-f/f (r ± a^) U^{t ± as) ± U'^r ± ^2)], 



-Uk\r ± a2 T vr) f/^r ± ^2 T vr) T U'i'ir ± ^2 T vr) 



(26) 



Here 



X^{t, a) = -m^T + a) + vl/f_(r - a)], (r, a) G G„ 



(27) 

^It is interesting that the same equation ( |2l| ) describes the spectrum of states for the relativistic string with 
massive ends with hnearizable boundary conditions ||l0| . 
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is the general solution of the string equation (generalization of Eq. (p^lj)) for this system. 
It is described by the different functions and \l/2± in the domains Gi and G2 in Fig. 1, 
because X'^(r, a) is not continuous on the line a = o"2(r), dividing these domains. However, 
as was mentioned above the function X'^(r, a) and the tangential derivatives ^X'^(r, (T2(r)) 
are continuous. The latter fact results in the equality 

(1 + ^2) ^ti+) + (1 - ^2) ^ti-) = (1 + ^2) <(+) + (1 - ^2) (-)• (28) 

Here (+) = (r + o-2{r)), (— ) = (r — cr2(T)), the conditions (|^) are assumed. 

If we substitute the general solution ( P7| ) into the boundary condition of the middle quark 
@ it will take the form 

^2^U^{r) = ^[6^: - U^{t) f/2.(r)][(l + a'^) ^>'^^{t + a^) + (1 - o',) mt{r - a,)]. (29) 



The analog of the system (|T3D for the model q-q-q may be obtained if we substitute the 
expressions (^61) into the boundary conditions (|28|) and (|29|). This system of equations (it is 
too cumbrous so is isn't written here explicitly) (p9D, (pSf), (|26| ) connects the fuctions t/f (t), 
z = 1,2,3 and o"2(r). For analysis of the quasirotational states and the stability problem for 
the motion (|) of the q-q-q model we substitute into the mentioned system of equations the 
small disturbances of the velocity vectors f/f in the same form ([T6|), i = 1,2,3 omitting the 
2-nd order terms of u^{t). Besides (this is specific feature of the model q-q-q) one should 
consider the small disturbance of the function (72 (t) in this system 

a2(r) = <* + (5a2(r). 

Here for the rotational motion (H) cr™* is the value ( |T0| ) and the velocities U^,^^^-. are described 



by the slightly modified formula (^41) 

f^Jrot)W = r.K-e,t;,e'^(r)], ei = -1, £3 = 1, 

where V2 = 0, because the middle quark with the mass m2 is at rest at the rotational center. 

Searching oscillatory solutions of this linearized system (the analog of Eqs. (0)), we sub- 
stitute into it the small disturbances Sa^ir) and u'^(t) in the form 



6a2{T) = 6oe~'^-, «^(r) = [A2e'^(r) + A^e^^ir) + Afe^] e— ^ 

<(r) = [A% + Aef^ir) - eiV^^A^e^ir) + A'^e^] 6"*"^ i = 1, 3. ^ ^ 



Here the conditions (|T7[) are taken into acount. This results in the following system of linear 



equations with respect to the complex amplitudes AJ', 60: 

KiiQiSi + uoCi) A\ + K^iQ^S^ + uC^) A^ + ujy.2A\ = 0, K,iQ,Cj - cuSj) A] = A^- 
Ki{QiKiCi - uoSi) A\ + luoQ^^CiAi = KsiQsKsCs - luS^) A^ - tujQ^'C^As, 
iejKj{QjKjSj + uCj) A° — ujQj^CjAj = A2 — iuSq, j = 1, 3, 
iujA2 + OA^ = 0, ejK*{ujSj - QjCj) A^j - i{vjTj)-^ SjAj = A^ + 660, 
/i2(^^ - uj^) A^ + KIUQIki - u^) Ci - 2ujeSi] Al = K;[{QIks - uj^) C3 - 200683] Al 

Here Cj = cosu^cTj — cr™*), Sj = ejsmuj{aj — (x™*)' Qj — ^j^'^j^ = (1 ^ '^f)/i^'"j)^ 
K* = Kj/ivjTj), Tj = (1 - v])-^/^, = 1 + vf, /i2 = m2Ki/mi = 7712X^/7713. 
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Non-trivial solutions of this system exist only if the value u; is a root of the equations 



, (QiQs - ^'^) sin TTu; + (Qi + Qa) cos vru; _ „ ^ 

+ {Q.c,-^sm.c,-^s,) - °' ^^^^ 
^"^cu2 + 02 (Q2^^ _ 5^ + 2CjQ^Cr (gi/^s - ^^^2) ^3 + 2c^g3C3 ■ ^ ^ 



They generalize correspondingly Eqs. (|2lD and (|2^) — the last equations are limits of Eqs. (plj), 
(P^) if /i2 = m2 = 0. The roots oj = ujn oi Eq. (|31|) correspond to oscillations of the rotating 
system q-q-q in z- or e3-direction, and the roots (D„ of Eq. (|32D describe oscillations in the 
rotational plane. 

From the point of view of the stability problem the most important fact is the presence 
(if m2 7^ 0) of the imaginary root in Eq. (^2]). It may be easily found after the substitution 
ijj = i^, the corresponding value ^ = ^* E (0, vr). The spectrum of an arbitrary quasirotational 
motion of the q-q-q configuration has the form similar to Eq. and contains all oscillatory 
modes with frequencies Un and ojn, which are roots of Eqs. (|3TD, (p^). If this motion has no 
certain symmetry, the exponentially growing mode with the factor exp(— icur) = exp(^*r) is 
in this spectrum. This proves the conclusion made in Ref. about instability of the rotation 
(H) of the system q-q-q in Lyapunov's sense — any small asymmetric perturbation is growing. 

Conclusion 

In the present work the we proved that the classical rotational motions (^) of the linear 
string baryon model q-q-q are unstable. This analysis doesn't allow to describe the future 
evolution of this instability when the amplitudes of growing disturbances are not small. But 
this process was studied previously in Ref. with using the suggested numerical methods 
based upon determination of an arbitrary classical motion of the q-q-q system if its initial 
position in Minkowski space E}'^~^ and initial velocities of string points are given. These 
numerical experiments showed the picture of the instability (any arbitrarily small asymmetric 
disturbances are growing) and demonstrated that the result of its evolution is the complicated 
motion with quasi-periodical varying of the distance between the nearest two quarks. However 
the minimal value of the mentioned distance Ai? does not equal zero, in other words, the 
system q-q-q is not transformed in quark-diquark (q-qq) one, as was supposed in Ref. 0. 

This picture radically differs from that for the relativistic string with massive ends. For 
the latter modelQ both the numerical experiments in Ref. and the analysis in Sect. 2 of this 
paper demonstrate the stability of the rotational motion (|^) (in the linear approximation). 

For the rotational motions of the "three-string" model or Y configuration we also see 
instability both in the numerical calculations Ref. |^ and in the analytical investigations 
Ref. of spectra for quasirotational states. This spectrum contains the branch of oscillatory 



states, whose dimensionless frequencies Un are roots of the equation [|T^ 



These roots are obligatory complex numbers (except for uj = ±6). Imaginary parts of them 
are always positive so the disturbances of this class (branch) are exponentially growing in 
accordance with the factor exp(— zcD^r) = exp(— i3?ci)„r) exp(53tZ'„r). Arbitrary quasirotational 

■^It is the model of the meson q-q or the baryon in the form q-qq. 
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motion of the system Y may also be expanded in the Fourier series of the type (|^) with har- 
monics of all classes described above. So only for the disturbances with the special symmetry 
(when all amplitudes of the modes (|33D equal zero) these disturbances do not grow exponen- 
tially, in other words — the rotational motion for the three-string configuration is unstable 
even in the linear approximation. 

The evolution of this instability was calculated numerically in Ref. ^ where we showed that 
the picture of motion is qualitatively identical for any small asymmetric disturbance. Starting 
from some point in time the junction begins to move. The distance between the junction and 
the rotational center increases and the lengths of the string segments vary quasiperiodically 
unless one of the material points inevitably merges with the junction. 

This pictures differs from that for the linear string baryon model q-q-q. It is, in particular, 
connected with different properties of the complex roots of Eq. (p2D and Eq. (|33[) . 

Instability of the rotations for the string baryon models q-q-q and Y is, of course, their 
drawback. But it is not "fatal" drawback, the classic instability is only one of the features 
for choosing the most adequate string baryon model among the existing four ones. The 
most important consequence of the rotational instability is in impossibility to quantize the 
quasirotational states. This procedure can be developed for the states ( PH ) (the Fourier series) 
for the string with massive ends in the stable case. But for the unstable models q-q-q and Y 
this procedure is not permitted. 

The work is supported by the Russian Foundation of Basic Research, grant 00-02-17359. 
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